Then L can generate a hypergroup which is called Laguerre hypergroup, and we denote this hypergroup by K. In this paper, we will consider the Littlewood-Paley g-functions on K and then we use it to prove the Hölmander multipliers on K.
Introduction and Preliminaries
In 1 , the authors investigated Littlewood-Paley g-functions for the Laguerre semigroup. Let 
Journal of Inequalities and Applications
where α ≥ 0. It is well known that it can generate a hypergroup cf. 2, 3 or 4 . We will define Littlewood-Paley g-functions associated to L and prove that they are bounded on L p K for 1 < p < ∞. As an application, we use it to prove the Hömander multiplier theorem on K.
Let K 0, ∞ × R equipped with the measure
We denotes by L p α K the spaces of measurable functions on K such that f α,p < ∞, where
1.5
For x, t ∈ K, the generalized translation operators T α x,t are defined by The following lemma follows from 1.7 .
Journal of Inequalities and Applications We also introduce a homogeneous norm defined by x, t x 4 4t 2 1/4 cf. 7 . Then we can defined the ball centered at 0, 0 of radius r, that is, the set
1.14
If f is radial, that is, there ia a function ψ on 0, ∞ such that f x, t ψ x, t , then
1.15
Specifically,
We consider the partial differential operator For λ, m ∈ R × N, we put
The following proposition summarizes some basic properties of functions ϕ λ,m .
Proposition 1.2. The function ϕ λ,m satisfies that
It is easy to show that
Let dγ α be the positive measure defined on R × N by
We have the following Plancherel formula:
Then the generalized Fourier transform can be extended to the tempered distributions. We also have the inverse formula of the generalized Fourier transform. 
The paper is organized as follows. In the second section, we prove that LittlewoodPaley g-functions are bounded operators on L p α K . As an application, we prove the Hörmander multiplier theorem on K in the last section.
Throughout the paper, we will use C to denote the positive constant, which is not necessarily same at each occurrence.
Littlewood-Paley g-Function on K
Let k ∈ N, then we define the following G-function and g * λ -function
dm α y, r ds.
2.1
Then, we can prove
Proof. a When k ∈ N, by the Plancherel theorem for the Fourier transform on K,
2.5
Since
we get
2.7
By
Therefore g k f α,2 C k f α,2 .
2.10
b As {P s } is a contraction semigroup cf. Proposition 5.1 in 3 , we can get g k f α,p ≤ C 2 f α,p cf. 9 . For the reverse, we can prove by polarization to the identity and a cf. 10 .
c We first prove
where 0 ≤ ψ ∈ L q α K and ψ α,q ≤ 1, 1/q 2/p 1. 
